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Abstract. We prove that bounded solutions to an overdetermined fully non- 
linear free boundary problem in the plane are one dimensional. Our proof 
relies on maximum principle techniques and convexity arguments. 



1. Introduction 

Let cj)o, e C^(R) be such that 0o(^) < 0i(i) for any i € R and let be the 
open set in trapped between the graphs of (fig and i.e. 

n := {(xi,X2) e s.t. (j)o{xi) <X2 < (l)i{xi)}. 

Define 

Jo := {{xi,X2) e s.t. X2 = Mxi)}, 

Ji {{xi,X2) e s.t. X2 = <l>i{xi)}. 

Notice that dfl = JoU Ji. 

We consider the following problem 

r F{D^u) = in n, 

(1.1) < u = on Jo, 

[ u — I on Ji , 

where is a uniformly elliptic fully nonlinear operator with ellipticity constants 
< A < A, and F(0) = (see [CC] for the definition). 

In this paper we prove the following symmetry result about bounded solutions 
to the one-phase free boundary problem associated to (|l.ip . 

Theorem 1.1. Let u e C^(ri) n C^{fl) be a solution to (|l.ip . Suppose that there 
exist Co, ci e M such that 

(1.2) |Vm(x)| ~ Co for any x £ Jo, 

(1.3) |Vu(a;)| = Ci for any x G J\. 
Assume also that 

(1.4) < u < 1 for any x eQ. 

Then cq = Ci and u is a linear function in 57. In particular Jq and J\ are straight 
lines. 

Without loss of generality, using Hopf Lemma and a dilation, we will assume 
that ci = 1. 

Problem (jl.ip may be seen as the fully nonlinear analogue of the ideal fluid jet 
model of [AC] . In this sense, the PDE in (jl.ip may be seen as an incompressibility 
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condition and the level sets of u correspond to the stream lines along which the 
particles of the fluid move, and our assumptions say that the stream lines j7o and 
J7i which comprise the fluid jet are nice curves. 

Also, conditions (jl.2p and (|1.3p may be seen as pressure conditions on the bound- 
ary of the fluid, due to Bernoulli's law. 

Differently from the case of [AC| . here the continuity equation for the incom- 
pressible fluid is not given by the standard Laplacian operator but, more generally, 
by a fully nonlinear elliptic one. 

Thus, Theorem 11.11 mav be seen as a rigidity result on an fully nonlinear fluid jet 
model which determines the shape of the fluid (i.e., the domain fl) and the stream 
lines of the fluid (i.e., the function u), given some information on the exterior 
pressure (namely, conditions ()1.2|) and (jl.3|) ). 

The inspiration for Theorem 11.11 came from the work of the flrst author about 
rigidity results for fully nonlinear phase transition models jPSj and from the work 
of the second author on overdetermined semilinear problems [FV] . We refer to these 
papers for further motivation and related questions. For different rigidity results 
for fully nonlinear operators see also |DM| . 

Of course, it would be interesting to know whether the analogue of Theorem ll.il 
remains true in higher dimensions. 

In order to prove our Theorem 11.11 we show that a given level set {u = a} is 
contained in a strip of arbitrarily small width. The main ingredients in the proof 
are a Harnack type inequality for the level set {u — a} (see Proposition 14. 4|) and 
a convexity result which roughly says that if two balls at unit distance from the a 
level set of u are contained in {u < cr}, then their convex hull is also contained in 
{u < a} (see Proposition [5TT]). To obtain these two results, we use the maximum 
principle together with appropriate radially symmetric barriers. 

The rest of the paper is devoted to the proof of Theorem 11.11 Namely, in Sec- 
tion 2 we introduce some notation and tools which will be used throughout the 
paper. In Section 3, we prove that a solution u as in Theorem 11.11 must satisfy the 
free boundary condition |Vu| = 1 on jTo. In Section 4, we prove a Harnack type 
inequality for the level sets of u which will be used to show an improvement of 
flatness for the a level set. In Section 5, we prove the desired convexity property 
mentioned above and we exhibit the proof of Theorem 11.11 

We conclude our introduction with a remark. In Theorem 1 1.1 1 we do not need to 
consider classical solutions to the free boundary problem. Our result still holds for 
viscosity solutions (see |CS| for the deflnition) as long as j7o and J7i are continuous 
graphs. 



2. Main tools 

2.1. Useful barriers. In this section we construct suitable super/subsolutions, by 
modifying the one-dimensional solutions to (jl.ip . The barriers we construct here are 
inspired by the ones introduced in [S] and developed in [DSi IVH IV2| . Throughout 
the paper, constants depending only on the ellipticity constants A, A will be called 
universal constants. 
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Proposition 2.1. Let a G [0, 1). There exist universal constants Ci > such that 
if R> Co and 

g:[0,Pi]^R, g{pi) = l, pi<2 

then 



PrA^) ■■= 9{\x\ - -R) e C^{Br, \ Br), Ri:=R + pi 

satisfies 

(*) a radially strictly increasing with 

I^R,a = ^ ondBn, = 1 on OBr^; 

{ii) F{D^f3+ ,^) < m Br, \ Br; 

(lit) |V/3^_^| < 1 + C3/R on OBr and |V/3^^^| > 1 + Ca/R on OBr,. 
Proof. First let us compute pi, that is {R large) 



R+Ci f I 4C2R{l-a)\ 

Since for small t>0, 

1 - \/r^ < t 

we easily obtain that for R large pi < 2. Thus property (i) follows immediately by 

choosing Ci > 4C2. 

To check that {ii) holds, we let s := |a;| — i? and we notice that for an orthogonal 
matrix O we have 

\if9"is) 

9'{s)/\x\ 



-2C2/R 



R,a 

= f(o'\ ^^^t'^^ r.. ,^^n^0 



A 

- w 



R R 



[(l + Ci/i?)-2C2s/i?]/l;i-l 
2AC2 



R 



- R R 



for \x\ > R, large R and C2 > A/A. 

Property {Hi) also follows immediately, since 

g'(0) = 1 + and = l + Ci/i?-2C2Pi/i?> l + Ca/i? 

as long as Ci > 5C2. □ 

Similar arguments also give the following Proposition. 

Proposition 2.2. Let a £ [0, 1). There exist universal constants Ci > such that 
if R> C'o and 

5:[/5i,0]->R, = pi > -3 
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then 

Pr,M ■^~g{\x\-R)eC'(B^\B~), iii ■.= R + p, 

satisfies 

(i) ^ is radially strictly decreasing with 

(3R.a = <^ ondBn, = 1 ondB^^; 

{ii) F{D^f3-J>Q mBR\Bf^j 

{Hi) |V/3^^| > 1 - C^/R on SBr and |V/3^^| < 1 - Ci/R on dBj^^. 

When a £ (0, 1), it is useful to extend the barrier /3j^ ^ also to values below u, 
as in the following result. 

Proposition 2.3. Let a e (0, 1). There exist universal constants Ci > such that 
if R > Co and 

9 ■■ [po, Pi] C [-2, 2] R, g{po) = 0, .g(pi) = 1, po < < Pi 
g{s) := cr + ^1 + sign{s)^^ s - 

then 

PrAx) ■■= g{\x\ - i?) e CH{Br,\Br„) \ OBr), 
Ri:—R + pi, Rq-.— R + po, 

satisfies 

(i) Pr.(j is radially strictly increasing with 

/3i?„CT = ondBRg, pR^a^a- on OBr, (3r^„ ^ 1 on OBr^; 
{li) F{D^f3R,,) <Otn {Br, \ Br,) \ OBr; 

{Hi) |V/3i?,,o-| < 1 - Cs/R on OBr, and |V/3ii,^| > 1 + d/R on dBR,. 

Proof. In view of Proposition 12.11 we only need to focus on the case s € [pojO] 
and check that the properties above hold by possibly choosing the constants Ci , C2 
larger than Ci , C2 . The proof follows from similar computations as in the proof of 
Proposition We sketch it for completeness. 

Property (i) is obvious, as long as R is large. 

Again, one can easily compute that 

Since for t > we have 

1 - VTTt > -t, 

we can estimate that 

po > -2. 
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To check that (m) holds, again we let s := \x\ — R then, for an orthogonal matrix 
O, we have 



< 



F ( O 
A 



'-9"{s) 
-g'{s)/\x\ 



O 



X 



R R 



2XC2 
R 



2A 2AC2 
^ -R-^<' 

for > Rq, large R, and Ci > C2 > A/A. 
Property (iii) also follows immediately, since 



g'ipo) = 1 - Ci/R - 2C2P0/R < 1 - C2/R 



as long as Ci > 5C2. 



□ 



From now on we extend /3_r,o- to be in B^g. Also, sometimes we think that 
Pft.^^ is extended to 1 outside of Bfi^ . This will be clear from the context. 

Remark. Notice that, since —2 < po < pi < 2 one has 



(2.1) 



C 

\g{s) - {s + a)\ < se[po,Pi]. 



R-a-^ <Ro<R-<7+^, 
R+{l-<r)-% <Ri<R+{l-cy) + ^. 



In particular, evaluating (j2.ip at s = po and at s = pi, we see that 
(2.2) 

Define Tq to be the truncation at levels and 1, i.e. 

r if t < 

(2.3) T^{t) -.^ h ifO<t<l 

[1 ift>l. 

Then from (pTTjl it follows that 

T^{s + a + C5/R)>g{s) on[po,Pi], 

and hence 

(2.4) T^{\x\-R + <J + C5/R)>pR.Ax) inK'. 



Clearly, using similar arguments, also the barrier ^ can be extended below a 
to a barrier ^ . We omit its precise definition, since we do not explicitly need it 
here. 
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2.2. Sliding method. In what follows, the barriers constructed above and one- 
dimensional solutions to will be used as comparison functions in what we 
call the sliding method. For the sake of clarity, we fix here some notation and 
terminology which we will use throughout the rest of the paper. 

Let u be a solution to (|l.ip - (|1.4p . From now on any such u is extended to be 
below Jq and 1 above J7i (when not specified "below" and "above" are intended 
with respect to the 62 direction). 

Given a continuous function v : K ^ R, K compact, we set 

(2.5) vtix) := v{x -te2), t G M. 

We say that v is above u if v > u in K. Also, we say that v touches u from 
above if v is above u and vt is not above u for any t > 0. Clearly, this implies that 
u{xo) = v{xo) at some xq K fl which we call a contact point. 

The sliding method can be roughly described as follows. Assume that for some 
to we have that Vtg > u. Then by continuity, there exists the smallest t > to such 
that touches u from above. If w ^ u is a supersolution to our equation, then we 
can apply the maximum principle to conclude that contact points are in dK. If 
we also know for example that |Vw| < cq (resp. \Vv\ > 1) on {v — 0} (resp. on 
{v = 1}) then we can conclude from Hopf Lemma that no contact points occur on 
{v =^ 0} (resp. on {v — 1}) unless v = u. 

This method will be a key tool in all our proofs. 

3. Determining cq 

The purpose of this section is to determine cq, that is the exterior pressure of 
the fluid on j7o, by knowing the pressure on J7i. Precisely, we prove the following 
Proposition. 

Proposition 3.1. Letu E C'^{n)r\C'^{Tl) be a solution to prTjl - pTi)) . Then cq = 1. 

Proof. We apply the sliding method with the comparison function v = j3^ q in 
Proposition [2T] (we use the notation in that Proposition). 

Since u = below JTq and w > in Bj^^ there exists a tQ < such that Vtg is 
above u. Let t be the smallest t > Iq such that Vt touches u from above. 

According to Proposition 12. IT m). vj is a strict supersolution in Bj^^ \ B^j, thus 
by the comparison principle if x is a contact point then 

(3.1) xea(sfl,(o,<)\Bfl,(o,Z)). 

We now show that 

(3.2) x^dBR,{0,t). 

Indeed suppose by contradiction that x G 9i?_Ri(0,t). Then, by Proposition \2.1i i). 
we have Ujr{x) = 1 and so since < m < 1 in il, 

(3.3) x€Ji. 

Also, if ly is the exterior normal of dBfj-^{0,t) we get 

djjVjix) < dpuix). 

Then, the inequality above together with Proposition 12. If . (|1.3p . p.3p . give 

\Vvj{x)\ = d,v^{x) < 1. 
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Since x e dBB.i{0,t), this inequality contradicts Proposition \2.1( iii] . and so (|3.2p 
is proved. 

Therefore by (|3.ip and (|3.2p we obtain that 

(3.4) xedBniO^t). 

Thus, by Proposition \2.1\ i). we have that x £ Jo and so, by (|1.2|) . (|3.4p and 
Proposition l2.1f t. zm). we conclude that 

(3.5) co^\Vu{x)\<\\/vjix)\<l + ^. 

Now we perform a (upside-down) sliding argument with comparison function 
— Pro (recall Proposition [221) • 

Since u = 1 above J7i , there exists to > such that u is above Wta ■ Let t be the 
largest t < to such that u touches wt from above. 

According to Proposition 12 . 2r w) Wt is a strict subsolution thus, by the compari- 
son principle, we know that if a; is a contact point then 

(3.6) xea(Bfl(0,<)\S^^(0,i)). 
As before, we deduce that 

(3.7) 2L^dBj,^{0,t). 

Indeed, if (|3.7p were false, we would have that u(x) — 1 thanks to Proposition 
\2.'2U ). Accordingly, from (II. 3p and Proposition 12. 2f Mi). 

l^\Vu{x)\<\Wwt{x)\<l~^. 

This contradiction proves (|3.7p . 

Then, from (|3.6p and p.7p . we deduce that x E dBfj{0,t) and so, from Proposi- 
tion [22t«) and dLll), that x e Jo- 

Finally, p.2p and Proposition l2.2f z. in) give that 

Co = \Vuix)\ > \Vwt_ix)\ >l--^. 
This and (13. 5p imply that cq = 1, by taking i? arbitrarily large. □ 



4. Level set analysis 

In this section we wish to prove a Harnack type inequality for the level sets of 
a solution u to our problem. The techniques we use here and in the next section 
have been inspired by |DS| . 

From now on we denote by u a solution to 

( F{D^u) = in n, 
(4.1) lu = 0,\Vu\ = l on Jo, 

[u=l,|Vu| = l on Ji. 

with < u < 1 in f2. As usually u is extended to be below Jo and 1 above J7i. 

As in the case of the one-phase problem in [CS^ , one obtains that u is Lipschitz 
continuous with universal bound. 
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Lemma 4.1. u is uniformly Lipschitz continuous, i.e 

||Vu||l~ <K 

with K universal constant. 

Proof. Let G fi, and d = min{dist(a;o, i/o), dist(xo, iTi)}- Assume without loss of 
generality that d — dist(a;oi Jo)- We wish to prove that 

\Vu{xo)\ < K. 



Let 



v{x) — ^""(2^0 + dx) 



be the rescale of u in Bci^xq). Then v > solves a uniformly elliptic equation 

(4.2) G{D'^v) = in Bi(0), 

with G{M) = dF{M/d) having the same ellipticity constants as F, and G(0) = 0. 
Hence, by Harnack's inequality (see [CC| 1 

(4.3) V > cv{0) in ^1/2(0). 

Let us choose (3 < such that, the radially symmetric function 



satisfies G{D^g) > in the annulus Bi \ -B1/2, g = on dBi and g — cv{0) < v on 
5Si/2, due to ((43| . 

Then, by the maximum principle 



v> g in Bi\ B1/2. 

Now, let xi e dBi{0) be such that v{xi) — 0. Then, since \7v{x) — \7u{xo + dx), 
and u solves (|4.ip . we have |Vw(xi)| = 1. Let ly be the inward normal to dBi at xi. 
Then, 

1 = \S/v{xi)\ > v,{xi) > 5,(xi) > Cv{0). 
Using Harnack's inequality we conclude that 

(4.4) \\v\\L^iB,,,)<C. 

Also, by the C-^'" estimate for equation (|4.2p (see [CCj). we have that 

(4.5) IIHIci.=(i3,,,) <q|f||L»(s,,.). 

Therefore, from l|4.4p and (|4.5p . we obtain that |V-y(0)| = |Vu(a;o)| is bounded by 
a universal constant. □ 

Now we fix a (T £ (0, 1) and we proceed to analyze the properties of the corre- 
spondent level set of u, that is {u = a}. 

We start with a Definition and an elementary Lemma and then we state and 
prove the desired Harnack type inequality. In the next section, towards proving 
our Theorem ll.il we will show that {u — a} is flat enough, i.e. it is contained in a 
strip. Then, Harnack inequality will be used to prove an improvement of flatness 
for {u = a} which implies the result of Theorem ll.il 

Definition 4.2. We define Afj^^r to be the set of all x's such that 

Bpf ix) Q {u < a} and ^{x + te2) d {u < a} for all t <0. 
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In other words, Ar^ct consists of the centers of the balls of radius R whose 
translates in the direction —62 are compactly included in {u < a}. 

Lemma 4.3. Assume that G Aj^ a-^ R large, then 
(«) u{x) < Pn^a-ix - a;*); 

(a) If xo G dBji{xi,) n {u = fj}, then Ji n Bk{xq) 7^ for some universal 
constant K. 

Proof. Claim {i) follows easily by applying the sliding method with the comparison 
function Pn^aix — a;*), where the notation of Proposition 12 . 31 is used. 

The argument is similar to the proof of Proposition 13.11 Touching along Jq , J\ 
is excluded by Proposition 12. 3f Mi) and contact points always occur on {it = ct}. 

In order to prove (ii), we observe that in Proposition 12.31 we can take a = 1 and 
Pi = 0. Then, for R large we have that Pn^i is a strict supersolution in Bji \ Bji^ 
and it satisfies the strict free boundary condition |V/3_r,i| < 1 on OBrq- 

Now we fix K large and apply the sliding method in the direction v oi xq — 
with comparison function v{x) = I3k/2.i{x — x*). This means that the translates 
Vt{x) = v{x — tv) are in the v direction. 

According to (i), u = in Bx/2{x*) {R > K), thus v is above u in such ball. 
Let t be the smallest t > such that Vt touches u from above. Since is a strict 
supersolution and it satisfies the strict free boundary condition |Vut| < 1 on its 
zero level set we conclude that touching points can only occur on 

(4.6) dBK/2{x*+tiy)nJi^(l). 
In particular this implies, 

t > R- K/2. 

On the other hand, t < R since = V]i{xo) < u{xq) — a. The bounds on t imply 
that xq e Bii/2{x^, + tv) which together with and (14. 6p yield the desired result. □ 

Lemma 4.4. (Harnack Inequality) Assume that 

8x2^ > m r2. 

//a;* = —Rv G Aji^ and 

e {u = a} C^^BR{x^), V2>0, 

then, for any M > there exist R, C depending on a, V2, M, A, A such that if R > R 
then 

(4.7) B^_a{M,y)c{u>a}. 
Proof. Let 

(4.8) w{x)^T^{x-iy + a+^), 

with Ci to be chosen later (see (I2.3P for the definition of Tq). 
Notice that F{D^w) = and |Vw;| = 1 in {0 < w < 1}. 
First, we wish to show that if R is large enough 

(4.9) w{x) > (3R^a{x — x^) for anv x € B20M (0). 

Since Tq is non-decreasing, in view of (|2.4p it suffices to show that 

X- iy + (T + Ci/R > \x~ x^\- R + a + C5/R in B20M (0). 
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Thus we need to prove that 

(4.10) x-v + R + C2/R>\x-x^\ for any x £ B-iom (0). 

for some Ci large. 
For this we write 

X =: av^hv^ G B20M (0), |a|, \h\ < 20Af/z^2- 

Since a;* = —Rv, (|4.10p may be written as 

a + i? + Cs/i? > |(a + + 61/^1 

or, equivalently, 

{a + R + C2lRf > (a + + b^. 
Hence it is enough to prove that 

(l + 2a/i?)C2 > b^. 

Since |a|, |6| < 2QM/v2 this inequahty holds for R and C2 large depending on M/v2. 
Thus 111]) is proved. 

As a consequence, in view of Lemma l4.3f i). we obtain that 

(4.11) w>u in B20Af (0). 

Now, according to Lemma 14.11 u is uniformly Lipschitz with universal Lipschitz 
constant K. Thus, if 

u{x) e I := [a/2, 1/2 + a/2] 
then there exists a constant c depending on K, a such that 

Bc{x) C {0 < u < 1}. 

Clearly, the same statement holds also for w, that is 

Bc{x) C{0<w <1} 

and so F{D'^w) = in Bc{x), as long as w{x) G /. 
In particular, we observe that u(0),?«(0) G /, so 

F{D^w) = F{D^u) = in 5^(0). 

Also, by (Ira . 

u;(0) - w(0) = Ci/i?, 

So, in view of (|4.1ip we can apply the Harnack inequality in -Bc(O) and obtain 

w-u<C'/R in 5^/2(0). 

Now, we observe that {w = a} is the line {x ■ v = —Ci/R}, due to (|4.8p . and 
therefore we pick a;i g Sc/2(0) H {u; = ct} (of course, this is possible since R is large 
enough) . 
Then, 

(4.12) <w{xi) ~u{xi) <C'/R 
and u{xi), w{xi) G I. Arguing as above, we conclude that 

w-u<C"/R inBc/2(xi). 
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Now we can pick X2 G Bc/2{xi)r\{w — cr} and iterate this argument a finite number 
of times to conclude that in a c/4 neighborhood iV of {w = cr} n Bii^M/v^i^) we 
have that 

(4.13) Q<w-u<C/R, 

with C depending also on cr, Mjvi- 
If 

x^L:={x-v = C/R] n SioM/,,(0) 

then 

(4.14) w{x) ^a+ ^^'^\ 

R 

Also, a; e if i? is large, and so from (|4.13p we get 

u{x) > a, for any x L. 

Therefore, since u is monotone in the vertical direction, (|4.7p will follow if we show 
that 

(4.15) B,,_c_{Mv) is above L in the vertical direction. 

For this, we choose C := C and we observe that (|4.15p is proved if we show that 

(4.16) y X s.t. \x - Miy\ < M - C/R, 3 x e L s.t. x ~ x ^ te2, t > 0. 

Hence, in order to prove (|4.16p (and so to complete the proof of the Lemma), given 
X as in (|4.16p . we let 

1 fc 



a;i, — 7^ - xii^i 

V2\R 

Clearly x-v = C/R. 

Moreover, since < 2Af, then \xi\ < 2M/i'2, and \x2\ < 3M/i/2 which implies 
that X £ -BioM/i^a (0): hence 
(4.17) ieL. 

Furthermore, 

X — —I' • > 



R 

which immediately implies that X2> X2- This and (|4.17p prove (|4.16p . □ 
5. Convexity arguments and proof of Theorem 11.11 



The purpose of this section is to exhibit the proof of Theorem ll.il As mentioned 
in the previous section, our aim is first to show that {u = cr} is flat enough, that 
is, it lies inside a strip. 

We start with two Propositions which will be the key tools to achieve our goal. 
Roughly, the first Proposition gives the convexity of the set {u < a} while the 
second one gives the convexity of {u > a}. However, their statements are different 
since the first one requires the existence of two balls contained in {u < cr} while 
the second one requires the existence of two points on or above J7i . 

Proposition 5.1. Assume yi e Aa^rj^i — 1,2. Then the convex envelope generated 
by the balls B ]^_c / RiVi) i i ~ 1,2 is included in {u < cr}, for R large and C universal. 
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Proof. Let I be the common tangent line from above to B ji^c / RiVi) i i = lj2 and 
denote hy Xi,i — 1,2 the respective points of tangency. 

Let V be the one-dimensional linear solution to F{D'^v) = in {0 < u < 1} 
with |V?;| = 1 which equals a on the line I, and denote by Iq and li the and the 
1 level set of v respectively. 

Call Zi,S^i the intersection points of h and the lines passing through yi,Xi and 
1/2, X2 respectively (i = 0,1). Also, let D be the open rectangle with vertices at 

j 0, 1. 

The segment joining any two points rj and C which contains C but not rj will be 
denoted by (77, If it contains both 77 and C,, we write [77, Cl- 
in this notation, we claim that 

(5.1) V > u oil S := {zo,zi] U (^OiCi]i and zq and ^0 sue strictly below j7o. 

We assume for the moment that the claim in (|5.1|) holds, and we apply the sliding 
method. 

Since u = below j7o there exists a to < such that vt is above u for all 
t < to. Let i be the smallest t > to such that vt touches u from above. Assume by 
contradiction that t < 0. 

Then, since yi + te2 € ^_r,ct for all t <0, clearly the claim in (|5.1|) holds also for 
iif, that is 

(5.2) Vt > u on S* -I- te2 and 



Thus, no contact points can occur in Df := D + te2, otherwise u and coincide 
and (|5.2p is contradicted. 

Also, in view of Proposition 13.11 and Hopf Lemma, contact points cannot occur 
on the and 1 level set of except at the vertices of D^. Hence, using again ()5.2|) 
we conclude that 

Vt > u in Dt \ [zt, Ct] and [zt, ^t] (s {u = 0}. 

This implies that for a small e > the translate Vt+^ is above u which contradicts 
the definition of i. Thus, t > and by the arguments above 

Vt > u in Dt\ [zt,S,t] for all t <0. 

In particular, since we have chosen v so that its a level set coincides with I, we 
obtain that u < a below [xi,a;2]. This gives the result stated in the Proposition. 

We are left with the proof of the claim in (|5.ip . 

For this, let us show that 

(5.3) V > u on (zq, zi] and zo is strictly below j7o. 

Call V = [xi — yi)/\xi — yi\ and observe that 



Zt := zo+ te2,it Co + ^^2 are strictly below Jo- 



(5.4) 




Hence, making use of (|2.2p and taking C large enough, we have that 
(5.5) [zo,zi](l BR^{yi) 



and 
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Also, we know from Lemma ITSji) that 

(5.6) PR,a{x - yi) > u{x) in Bii^{yi). 
Thus, (|5.5p and (|5.6p say that (|5.3p will follow if we show that 

(5.7) v{x) > /3R.a{x - yi) on {BR^{yi)\ BRg{yi)) n {zq, zi]. 
For this, we observe that, by (|5.4p . 



C 

v{x) = a + s + — if X = yi + {s + R)v. 
R 

So, by applying (|5.4p and (|2.ip . if C suitably large, we see that on (zq, -^i] 

C 

v{x) - l3R,a{x ~yi)=(T + s+ — - g{\x -yi\~ R) 

It 

C 

= o- + s + - - g{s) > 0. 
K 

This proves ([5T7|) and so (jO)) . 

By replacing with in the proof of (j5.3[) , one completes the proof of the claim 
in (O). □ 



The next Proposition also follows with similar arguments. 

Proposition 5.2. Let yi,y2 be such that u{yi) — u(j/2) — 1 with yi • ei > ?/2 • ei, 

and let v he the direction perpendicular to yi — y2 with 1^2 > 0. If 

(5.8) la{yi,y2) {x \ {x - yi) ■ ^ a} n {x \ X ■ ei e (yi ■ei,y2- ei)}, 
then 

la C {u > a}. 

Proof. Consider the linear one-dimensional solution v to F{D^v) — and |Vw| — 1 
in {0 < w < 1} which is equal to on the line Iq connecting yi and j/2 and increases 
in the 62 direction. Denote by h the 1 level set of v and by zi, Z2 the intersection 
points of the vertical segments through yi,?/2 with li. Also, let D be the open 
parallelogram with vertices at yi, Zi, i — 1,2. 
It suffices to show that 

u > V in D 

since 

la{yi,y2) C D 

and 

w = cr on (2/1, 2/2)- 
First let us notice that since u — 1 above Ji then 

u> V on [yi, Zi), 
Zi is strictly above Ji. 

Now let us apply the sliding method (upside-down). Since u = 1 above J7i, there 
exists to > such that u is above vt for all t > to. Let t be the largest t < to such 
that u touches Vt from above. Assume by contradiction that i > 0. Again, 

(5.9) u> Vt on [yi + te2, Zi + ^62), 

Zi + te2 is strictly above Ji . 
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In particular u and Vt cannot coincide. Thus, similarly to the proof of Proposition 
15. H the comparison principle, Hopf Lemma and (|5.9|) imply that 

u> Vt on {D + te2) \ [zi + te2, Z2 + te2], 

[zi + te2, Z2 + te2] <£ {u= 1}. 

Thus for small e > 0, u is above w^.^ which contradicts the definition of t. Hence 
< < and u is above v = vq in D. In particular, u > v on D \[zi, Z2] and hence 
M > CT on the a level set ^o-(j/i, J/2) of v. □ 



Now we are ready to show that {u — a} is included in a strip. We start by 
defining Ej^ ^j to be the convex hull generated by Aj^ ^j. 
From Proposition l5.ll we have that 

(5.10) Er,, c{u< a}. 

As a consequence of Lemma k.Bf w). we obtain the following Lemma. 

Lemma 5.3. There exists C large universal constant such that in any vertical strip 
of width 2C , {a — C < xi < a + C} there exists a point on dEc.a that is at distance 
less than 2C from J\ . 

Proof. Let Bc{y) be the ball with center on the line xi = a which is tangent to 
{u = cr} at xo, with y € Ac,cr- By Lemma 14.31 there exists 

xi e JinBKixo). 

Then the desired point is the intersection of [2^0 j^/] with dEc,a, provided that 
OK. ' □ 

Lemma 5.4. If C is large enough, the set E :— Ec.a is a half-plane. 

Proof. Since i? is a convex set and for any G there exists such that 
Xq + te2 G E for all t < t^, then dE is the graph of a concave function / i.e. 

(5.11) dE = {{s,f{s)),seR}. 

If / is not linear, we can find a linear function p{s) tangent to / at some Sq such 
that 

lim {p{s) - f{s)) = +00. 

s — )-±oo 

From Lemma 15.31 for each n G N there exist points 

yne{x\ {n ~3)C <x-ei<{n + 3)C} n Ji 

Zr^e{x \ -{n + 3)C <x-ei< -{n - 3)C} n Ji 

that are at distance at most 2C from the graph of /. 

From (jS.lip we see that as n — ^ 00, the point (sq, /(so)) is at an arbitrary large 
distance above the line passing through y^, z^. 

Thus, when this distance becomes greater than 2a, in the light of (15. 8p . we can 
find a point 

{so,t) G la{yn,Zn), for somc t < /(so)- 
From Proposition 15.21 we know that 

{so,t) G {w > cr}. 
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On the other hand, since t < /(sq), 

{sQ,t) e E C {u < a}. 
Thus we reached a contradiction. This shows that / is a linear function. □ 

Corollary 5.5. {u = a} is contained in a strip. The direction v of the strip 
satisfies V2 ^ Q. Furthermore, is also contained in a strip in the v direction. 

Proof. From (jS.lOp . Lemma 15.41 (and their counterpart in \u > ct}), we conclude 
that \u = cr} is contained in a strip, say \a<x-v<.\)\. Also, 7^ since \u — a\ 
is trapped between j7o and J\ which are graphs in the 62 direction. 

Now, applying Lemma together with its counterpart in \u > a}, with R 
a fixed large constant, we conclude that j7o is above the line {x ■ v = a — C} while 
Ji is below the line {x-v = 6 + C}, for some C universal. This concludes the proof 
of the corollary. □ 



Next, we show that the width of the strip obtained in Corollary [5T5] is arbitrarily 
small and hence {u = a} is a line, which concludes the proof of Theorcm ll.il 

As a preliminary step in this direction, we prove that u is monotone in the 
vertical direction, so to be able to apply our Harnack inequality (this is also a nice 
consequence of Corollary [ 



Proposition 5.6. u is monotone increasing in the 62 direction. 

Proof. Assume for simplicity that u S C^{rt) and F G C^. 

From Corollary [53] we have that Q is included in a strip, say 

S := {—a < X ■ V < a}. 

Notice that 

du 

U2 := — > near dO. 
0x2 

and by Lipschitz continuity (see Lemma BT|) 

U2 > ~K in 

with K > Q universal. Also, U2 solves the linearized equation 

aij{x){u2)ij =0 inQ 

with 

a^jix) = F,j{D^u). 

We compare U2 with W^(a;) = w{x ■ v^,x ■ v) in the domain Q. n {|a; • < L}, 
where 

w{s,t) ^ Ka-^e-^\e-^' + e^''){t'^ - 2a^). 

Here i > is fixed and it will be taken large in the sequel. 
Notice that 

(5.12) W<OiiiS 
and also 

X\{D^w)+\-A\{D^w)-\ > 
if 5 is small depending on A, A. 
This implies that 

aij{x)Wij{x) > 0. 
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Since 

w <oon an, 

due to (|5?T2ll . and 

W<-K in S n {\x ■ iy^\ ^ L} 

we conclude from the maximum principle that 

U2>W mnn{\x ■ ly-^l < L}. 

On {|a; ■ i^^l < L/2} n^we obtain that U2 > --iKe^^^^/^ and by letting L ^ oo 
we obtain that in fact U2 > in fi. 

The smoothness assumptions on u and F can be removed with the techniques 
of [CC]. □ 

Now, we are ready to complete the proof of our main Theorem. 

Proof of Theorem l 1 . li The idea of the proof is that once {u ~ a} is included in 
some strip of width, say, d > 0, then it is included in a smaller strip, say of 
width 3(i/4. From this, of course, it would follow that {u = ct} is a line. 

Here are the details of such an improvement of flatness. 

By Corollary [531 we may assume that 

(5.13) {u = a} C{0<x-v <d}, 

for some direction v with V2 > 0. 

Let Bji{x^) be a large ball with center on the line tv which touches {u = ct} 
from below at xq. Let v* = {xq — a;*)/i?. 

We distinguish two cases. 

Case 1. xq ■ v > d/2. In this case the point 

2C , 

2/0 := xq —v 

K 

with C as in Proposition 15. II satisfies 

(5.14) yQ-v>^ 

as long as R is large enough. 

By applying Proposition 15.11 to the ball Bfj{x^,) and all the balls of radius R 
tangent from below to {a; • = 0}, which lie in {u < a} because of (|5.13l) . we find 
that {u — a} is above the line {x ■ v — yo}. 

So, by dsn, 

(5.15) {u = a} is above the line {x ■ v = d/4}. 



Case 2. xq ■ v < d/2. In this case, the point 

C , 2C 
yd ■■= xo + —v + 



R M - C/R 
satisfies 

(5.16) yrf • ^ < Y 



A FULLY NONLINEAR PROBLEM WITH FREE BOUNDARY IN THE PLANE 



17 



as long as R and M are large (again C is as in Proposition [STT]) . Notice also that 
yd is in the ball of radius 

M = 

R M - C/R 

centered at [Mv* + xq). 
Also, from Lemma l44l 

if R is large. 

Therefore, by applying Proposition l5.ll fupside-down) to the ball B^j_c{Mv* + 
xq) and all the balls of the same radius R tangent from above to {x ■ v — d\ we 
find that {u = cr} is below the line {x ■ v ~ yd ■ i'}. 

This and ([5?TC)) give that 

(5.17) {u — a} is below the line {x ■ v — 3ci/4}. 



In either cases, from (|5.13p and either (|5.15p or (|5.17p . we obtain that {u — cr} is 
included in a strip of width 3(i/4, which is the desired improvement of flatness. □ 
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